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Abstract 

The aim of this paper is to introduce a new version of multivalued generalized F- 
Suzuki-Contraction mapping and then establish some new common fixed point 
theorems for these new multivalued generalized F-Suzuki-Contraction Mappings 
in complete strong 6—metric Spaces. 
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1 Introduction and Preliminaries 

In 1922, a mathematician Banach [1] proved a very important result regarding a 
contraction mapping, known as the Banach contraction principle, which states 
that every self-mapping T defined on a complete metric space (A, d) satisfying 


\/x, y € X, d(Tx, Ty) < Xd{x, y), where A € (0,1) 

has a unique fixed point and for every Xo £ X a sequence {T n £o}^i conv erges 
to the fixed point. Subsequently, in 1962, Edelstein [2] proved the following 
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version of the Banach contraction principle. Let (A, d) be a compact metric 
space and let T : A —► A be a self-mapping. Assume that for all x, y £ A with 
x^y, 

d(x,Tx) < d(x,y) => d(Tx,Ty) < d(x,y). 

Then T has a unique fixed point in A. In 2012, Wardowski [3] introduced a new 
type of contractions called F-contraction and proved a new fixed point theorem 
concerning F-contractions. 

Let ( X , d) be a metric space. A mapping T : X —> X is said to be an F- 
contraction if there exists r > 0 such that 


Vx,y £ X, d(Tx, Ty) > 0 => r + F(d(Tx,Ty)) < F(d(x,y)), 
where F : R + —>• R is a mapping satisfying the following conditions: 

FI F is strictly increasing, i.e. for all x,y £ R + such that x < y, F(x) < F(y); 
F2 For each sequence { a n }^i of positive numbers, Urn a n = 0 if and only 

n—¥ oo 

if lim F(a n ) = — oo; 

n—too 

F3 There exists k £ (0,1) such that Urn a k F{a) = 0. 

a— >0+ 

We denote by (, the set of all functions satisfying the conditions (FI) — (F3). 
Wardowski [3] then stated a modified version of the Banach contraction principle 
as follows. Let (A, d) be a complete metric space and let T : X — > X be an 
F-contraction. Then T has a unique fixed point x* £ X and for every x £ X 
the sequence {T n x}^^ converges to x*. In 2014, Hossein, P. and Poom, K. 
[15] defined the F-Suzuki contraction as follows and gave another version of 
theorem. Let (A, d) be a metric space. A mapping T : X —> X is said to be 
an F-Suzuki-contraction if there exists r > 0 such that for all x, y £ X with 
Tx ^ Ty 


d(x, Tx) < d(x, y) => r + F(d{Tx, Ty)) < F(d{x, y)), 

where F : R + —rR is a mapping satisfying the following conditions: 

FI F is strictly increasing, i.e. for all x,y £ R + such that x < y, F(x) < F(y); 
F2 For each sequence {a„}” =1 of positive numbers, Urn a n = 0 if and only 

n—> oo 

if lim. F(a n ) = — oo; 

n—>■ oo 

F3 F is continuous on (0, oo) 

We denote by (, the set of all functions satisfying the conditions (FI) — (F3). 
Let T be a self-mapping of a complete metric space A into itself. Suppose F £ ( 
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and there exists r > 0 such that 


\/x, y £ X, d(Tx, Ty) > 0 => r + F(d(Tx, Ty)) < F(d(x, y)). 

Then T has a unique fixed point x* £ X and for every Xq £ X the sequence 
{T n x o}^=i converges to x*. 

Following this direction of research (see examples, [4, 5, 6, 7, 8, 9, 10]), in this 
paper, fixed point results of Piri and Kumam [11], Ahmad et al [9], Suzuki 
[16] and Suzuki [17] are extended by introducing common fixed point problem 
for multivalued generalized F-Suzuki-contraction mappings in strong b-metric 
spaces. 

Definition 1.1 (Hardy and Rogers [141) 

(1) There exist non-negative constants a, satisfying Uj < 1 such that, for 
each x,y £ X, d(f(x ), f(y)) < aid(x, y) + a 2 d(x, f(x)) + a 3 d(y, f(y)) + 
a 4 d{x, f(y)) + a 5 d(y , /( x)). 

(2) There exist monotonically decreasing functions ai(t) : (0, oo) — > [0,1) sat¬ 
isfying JT =1 a,;(f) < 1 such that, for each x, y £ X, x ^ y, d(f(x ), f(y)) < 
ai(d{x , y))d(x, f(x)) + a 2 (d(x , y))d(y , f(y)) + a 3 (d{x, y))d{x , f(y)) 

+ a 4 (d( x, y))d(y , f(x)) + a 5 (d{x, y))d(x, y). 

(3) For each x,y £ X, x jly, 

d(f(x), f(y)) < max{d(x, y),d(x, f{x)), d{y , f(y)), d(x, f(y)),d(y , f(x))}. 
Lemma 1.1 [13] From definition 1.1, (1) => (2) => (3). 


2 Main Results 

Definition 2.1 A strong b— metric is a semimetric space (X,d) if there exists 
s > 1 for which d satisfies the following triangular inequality. 

d(x,y) < d(x, z) + sd(z,y), for each x,y, z £ X. (2-1) 

Definition 2.2 Let U be the family of all functions F : R + —> R such that: 
(FI) F is strictly increasing, i.e. for all x, y £ R + such that x < y, F(x) < 
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F(y); 

(F2) for each sequence {a n }ff =1 of positive numbers, lim a n = 0 if and only if 

n—fo o 

lim. F(a n ) = —oo; 

n—fo o 

(F3) F is continuous on (0,oo). 

Definition 2.3 Let 'I' be the family of all functions ip : [0, oo) —> [0, oo) such 
that ip is continuous and ip(t) =0 iff t = 0. 

Definition 2.4 Let (X,d) be a strong b— metric space. Mappings T, S : X —> 
CB(X) are said to be multivalued generalized F-Suzuki-Contraction on {X,d) 
if there exists F £ 13 and ip £ \ 1/ such that, \/x, y £ X, x y, 

-^—d(x,Tx) < d(x, y) and — j— d(y, Sy) < d(y,STx) 

1 + s 1 + s 

=> ip(N,f,(x,y)) + F(s 4 F[(Tx, Sy)) < F(N c / > (x,y)) in which 


N<l>{x,y) = (p l {d{x,y)){d{x,y)) + <p 2 {d(x, y))(d(y, STx)) 


fa(d(x,y)) 


f (d(y,Tx)) + d(x, Sy) 
l 2s 


< h{d{x,y )) 


(d(x, STx)) + d(STx, Sy) 
2s 


+ ( t>$(d{x , y))(d(STx, Sy) + d(STx, Tx)) + cpe(d(x, y))(d(STx, Sy) + d(Tx, x)) 
+ <pr{d{x, y))(d(Tx, y)) + d(y, Sy)) (2.2) 


for which (p : R + —>• [0,1), with Y^I=i <Pi(d(x,y)) < 1, is monotonically decreas¬ 
ing function. 

Theorem 2.1 Let (X,d) be a complete strong b—metric space and let T,S : 
X —> CB(X) be multivalued generalized F-Suzuki-Contraction mappings. Then 
T and S has a common fixed point x* £ X and for every x £ X the sequence 
{T n x}ff and {S n x}ff converge to x*. 

Proof Let Xq = x £ X. Let x n +i £ Tx n and x n + 2 € Sx n +1 Vn £ N. If there 
exists n £ N such that d(x n ,Tx n ) = d(x n +i, Sx n +i) = 0 then x n +\ = x n = x 
becomes a fixed point of T and S, respectively, therefore the proof is complete. 
So, suppose that d(x n ,Tx n ) > 0 and d(x n+ i, Sx n+ \) > 0 Vn £ N then the 
proof will be divided in to three steps. 

Step One we show that { x n }ffLi is a Cauchy sequence. 
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Let 


d(x n ,Tx n ) > 0 and d(x n +i, Sx n +i) > 0 Vn G N. (2-3) 

therefore, we have that 

1 d(x n ,Tx n ) < d(x n ,Tx n ) and 
s + 1 

—— d(x n+1 , Sx n+1 ) < d(x n+u Sx n+1 ) Vn G N. (2.4) 

s + 1 

From Definition 2.4, we have that 

F(Tx n , Sx n + 1 )) + F'(A^^,(x n , ^ n _(_i)) x n -\. i)). 
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Since that 


N(f){Xni *£n+1) 

01 {d[x n t %n+ 1)) (,d(Xm *^n+l)) “t" 02 {d{x n 1 *£ 774 -1 ) ) (^(^ro+l 7 *£77 4-2)) 


+ 0 3 (d(x n , x ra+ i)) 


d { x n , X n _|_2 ) 

2s 


04(c?(x n , *^n+l)) 


*£ 77 + 2 )) 

2s 


0 4 (d(a;7 1 ,x n+ i)) 


“t - 05 (^('^'717 3-n-f-l ) ) (^(*^77+2 5 *£77+1)) 06 (^(*^77 5 *^77 +1 ) ) (^ (*^ 77 J ^'774"l)) 

+ 0 7 (<i(x n , x n+1 ))(d(x n+2 ,x n+ i) 

< </>i(d{x n ,x n+1 ))(d(x n ,x n+1 )) + 0 2 {d{x n ,x n+1 ))(d(x n+1 ,x n+2 )) 

,1/1/ 77 /" d{X n 7 *^77 + 1 ) “t“ ^^(*^774-1 ? *^77 + 2) \ 

+ 0 3 (d(x n ,x„ +1 )) I -—- I 

. , / 1/ \\ 0 d(x n ,x n _j_i) ~4" s<i(x n3 _i,x n _j_2)\ 

+ 0 4 (d(X77,X n + lj) [ -—- I 

+ 0 5 (d(x n , x n+1 )){d(x n+2 ,x n+1 )) + (j) 6 {d{x n , x n+1 )){d(x n , x n+1 )) 

+ 07 (d{x n , x n+1 ))(d(x n+2 ,x n+ i) 

01 ( d{x n , X n _)_i)) (d[Xm X n _|_i)) -\- 02 {d[x n , X n _|_i)) ((i(x n _)_i, X n _|_2)) 

. ,7,7 7, (s[d(x n ,x n+1 ) + d(x n+1 ,x n+2 )\\ 

+ 0 3 (d(x n ,x n+ ij) I -—- I 

, 1 / 1 7 \\ ( 7>[^(X n , *^77+l) ”t” ^(*^77+1, *£77+2)] \ 

+ 0 4 (d(x n ,x n+ i)) I -—- I 


0 3 (d(x n ,x„ + i)) 


0 4 ((i(x n ,x n+ i)) 


~t“ 05 (d(x n , X n3 _i)) (c?(Xt7_|_ 2 , X n _|_i)) “t - 06 i,d{x n , X n _|_i)) (li(x n , X n _|_i)) 

“t“ 07(rf(®77, ^77 + 1)) (^(*£ 77+2 1 X n -(-l) 

^C 0 i ( d(x n , x n 3 _i)) (ci(x n , x n -f_i)) 4“ 02 {d[x n , x n _|_i)) (c?(x n -|_i, x n _|_ 2 )) 
+ fa(d(x n , x n+ i))(d{x n , x n+1 )) + 0 3 (d(x„, x n+ i))(d(x n+2 , x„ + i) 
“t“ 0 4 (^(*^'77, *£ 774 - 1 )) i,d{x n , X n _|_i)) -t~ 0 4 (d(x n , X n _|_i))(d(x n _(- 2 , X n _j_i) 
~t“ 05 (d(x n , Xyj-f-i)) (c?(Xt 7_|_2 , X n _(_i)) “t - 06 (d(x n , X n _(_i)) (li(x n , X n _f_i)) 

+ 07(d(x n , X n+ i))(d(x n+ 2 , X„ + i) 
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= [<)>i(d(x n , x n+ i)) + <j> 3 (d(x n , x n+ i)) + <t>±(d{x n , x n+ i)) 

T (p 6 ( d(x n , x n -^i ))] ( d(x n , x n -^-\ )) 

+ [<p2(d(x n , x n+1 )) + </) 3 (d(x n , x n+ i)) + cp A (d(x n , x„+i)) 

T 05 {.d(x n , x n4 _i))(d(x n _|_2 , x n _|_i)) T (p7(d(x n , X n ^i))] {d(x n -\-21 X n -\-\) 

— 4* [d{x n , x n _)_i))(d(x n , x n4 _i)) "I - (f> (d[x ni x n -^-i ))(c?(x n _|_2, x n _|_i)) (2.5) 

then from (2.5) and definition 2.4, we get 

F[d(x n -\- 1, x n -\-2^)) 

— F{(p (d(x n , x n _|_i)) (d(x n , x n4 _i)) T (p (d(x n , x n _(_i)) (d(x n4 _2, x n _|_i))) 

- '0(0 / (d(x n ,x n+ i))((i(x n ,x n+ i)) + ^"(d(x n ,x„ + i))(d(x n+2 ,x n+ i))). 

(2.6) 


On contrary, if d(x n + i,x n + 2 ) > d(x n ,x n +i), then 

4> {d(x n , x n+1 ))(d(x n , x n+1 )) + <j>"(d(x n , x n+1 ))(d(x n+2 ,x n+ i)) < d(x n+1 ,x n+2 ) 
and therefore ( 2 . 6 ) becomes 

F(d(x n+1 ,x n+2 )) < F(d(x n+1 ,x n+2 )) - ip(d(x n+1 ,x n+2 )). 

But, from (2.3) and the fact that tp(d(x n+ \,x n+2 )) > 0, this is a contradiction. 
Thus, we conclude that 

T(d(x n _j_i, x n -\- 2 ') ) ^ i^(d(x n ,x n _|_i)) ^(d(x n ,x n4 _i)) 

<F(d(x n ,x n+ 1 )). (2.7) 


From (2.7) and Definition 2.2(F1), we have that 


d{x n -\.\ ,x n _|_ 2 ) d{x n ,x n -\. i) <C d(x n — i,x n ) Vn € IV. (2.8) 

Therefore {d(x n , x ra 4 _i)} is a nonnegative decreasing sequence of real numbers. 
Thus there exists 7 > 0 such that lim, d(x n ,x n+ 1 ) = 7 . From (2.7) as n —>■ 00 , 

n—> 00 

we have that 

^( 7 ) < F( 7 ) - ^( 7 ). 

This implies that ^( 7 ) = 0 and thus 7 = 0 . Consequently we have that 

lim. d(x n ,Tx n ) = lim. d(x n ,x n + 1 ) = 0. (2-9) 

n—>00 n—>-oo 
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Now, we claim that { x n is a Cauchy sequence. On contrary, we 
that there exists e > 0 and n,m £ N such that, for all n > n e and n e < 

d(x n ,x m ) > e and d(x n -\,x m ) < e. 


It implies that 


e < d(x n ,x m ) < d(x n ,x n -i) + sd(x n— 1 j %m ) 

< d(x n ,x n - 1 ) + se. 

From (2.11) and (2.9), we have that 

e < limsupd(x n ,x m ) < se. 

n—> oo 

By triangle inequality, we have that 
e< d( 

Km ) < d(x n , X m +l) + sd(x m+ l,x m ) 

< d(x n , x m ) + 2sd(x m+1 ,x m ). 

From (2.9),(2.10), (2.12) and (2.13), we have that 

e < limsupd(x n , x m +i) < se. 

n—> oo 


Similarly, we have that 

e ft d(^x ni x m ^j ^ d(x n ,x n + i) -t~ sd(x n ^. i,£ m ) 
^ sd(x nj x rn ') (s l)d(x n , x n _(_i). 

From (2.9),(2.10), (2.12) and (2.15), we have that 

e < limsupd(v n ,u n +i) < se. 

n—> oo 

Observe that 


d(x n) Xm^. i) f d(x n ,x n ^_i) 4- sd(x n ^-i, x m _(-i) 

< d(x n ,x n+ 1 ) + s[d(a; n+ i,a; m ) + sd{x m+1 ,x m )\ 

< d(x n , x n+ i) + s[d(x n , x n+1 ) + sd(x n , x m ) + sd(x m+1 , 


assume 
; n < m, 

( 2 . 10 ) 

( 2 . 11 ) 

( 2 . 12 ) 

(2.13) 

(2.14) 

(2.15) 

(2.16) 

*^m)] • 

(2.17) 



From (2.17), we have that 


- < limsupd(x n + i,a; m +i) < s 2 e. 

S n —^oo 


(2.18) 


From (2.9)and (2.10), we select n e > 0 € N such that 

—TT d(x n ,Tx n ) < —e < e < d(x n ,x m ) Mn > n(e) 

«=> — -d(x n ,Tx„) < —7 —-e < d(x n 5 %m ) Vn > n(e) 
s + 1 s + 1 

and 

-hr d(x n + l, Sx n + l) < e < - < d(x n +l,Xm + l) Vn > U e 

s + 1 s + 1 s 

«=> d(x„+l, Sa;n + l) < ]—r£ < d(x n +l,Xm+l) Vn > Tie 

S + 1 S + 1 

It follows that from Definition 2.4, we have, for every n > n e 

F(H(x n+ i,x m+ i)) < F(N (/> (x n ,x m )) - tp(N,p(x n ,x m ))- (2.19) 


Since that 


d(Xny Xm) ^ N(f)(x n 5 %m ) 

— 01 ( d(Xn 5 3 ?m)) ( d{Xn , Xm)) "b 02 {^d(Xn 5 ^m)) (^(^n+2 5 ^m)) 

,i/j/ \\ ( d(Xrt-\-1 ? Xrn) + d(x n , Xm-\-1 ) 

+ 0 3 (d(x n ,X m )) ' 


2s 


+ 0 4 (d(^n,X m )) 


(^(^n +25 ^Cn) “h ^(^-n +25 ^m+l)) 

25 


+ 05 (d(Xm X rn)^) {^d{x n-\- 2? 3 ?m+l) ~b ^(^n+25 3 ?n+l)) 

+ 06(^(*^n5 Xm}) (^d(Xri-\-2 5 ^m+l) “h d(Xm Xn-\- 1)) 

H - 07 (^(^n? ^n+l H“ d^Xm, #m+l))) 

< 0 l(d(®n,X m ))(d(Xn,X m )) + 02 (d(x n , X m )) (d(x n + 2 , £ n +l) + sd(x n +l, X m )) 

,1/1/ \\ f d{Xn-\- 1? Xm') H - d(x n ) ^m+l) 

+ 03(a(Xn,X m j) I -—- 

■ / / 7/ \\ f [d(xn-\-2 5 ^Cn+l) ~h SG?(Xn+l 5 ^n) H - ^(^n+2j ^-n+l)) H“ SG?(Xn+l 5 #m+l)) 

+ 04 ydyXn 5 // l 2 

~h 05 (d(Xni Xrn)')(d{XrL-\-2-) Xn-\- 1) “h ScZ^Xn+l? ^m+l) H - ^(^n+ 2 ? 3 ?n+l)) 

~h ( f>Q(d{Xnt Xrn)')(d(Xri-\- 2 -) Xn-\- 1) “h SC?(Xn+lj 3 ?m+l) H - d(^Xn 5 #n+l)) 

~h 07 (d^Xn 5 X rn)') (d(x m •> Xn-\-1 ) H“ d(Xm ? *£m+l)))* 


( 2 . 20 ) 
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From (2.12), (2.14), (2.16), (2.18) and (2.20), we have that 
limsiLpd(x n ,x m ) < limsupN^{x n,x m ) < 4> 1 (e)(se) + 4> 2 (e){s 2 e) + </> 3 (e)(e) 

n—>o o n—>o o 

+ <Me)(^y) + 05 (e)(s 3 e) + </> 6 (e)(s 3 e) + 0 7 (e)(se) 

r 2 3 t 

< max{se, s e, e, —, s e, sej 

= A 

and therefore 

e < limsupN^Xn, x m ) < s 3 e. (2.21) 

n—> oo 

Similarly 

e < liminf N ( f,(x n , x m ) < s 3 e. (2.22) 


From (2.19), (2.21) and (2.22), we have that 

F(s 3 e) = F(s 4 -) < F(s 4 limsupH{x n+ i,x m+ i)) 

S n—> oo 

< F(limsupN^[xn, x m )) - ^{limsupN^Xn, x m )) 

n—> oo n—>o o 

< F(s 3 e) - ’ip(e). (2.23) 

From (2.23) and the fact that e > 0, this is a contradiction. Hence {x„} is 
a Cauchy sequence in X. By completeness of X, d, {a ' n }™=i and {x n+ i}™=i 
converge to some point x* G X, that is, 

lim. d(x n ,x*) = 0 and lim d(x n +i, x*) = 0. (2.24) 

n —>-oo n—too 


If there exists increasing sequences {nk}, {n + lfc} C N such that x nk G Tx* 
and x n+ \ k G Sx* for all k G N. Since Tx* and Sx* are closed and 

lim. d(x n .,x*) = 0 and lim d(x n+ i k ,x*) = 0, 

n—>oo n—t oo 

we get x* G Tx* and x* G Sx*. 

Step Three we show that x* is a common fixed point of T and S. It suffices to 
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show that 


1 

1 + s 


d(x n ,Tx n ) < d(x n ,x*) and ■ 
for every n £ N, 


1 

1 + s 


d(x n -\.\, Sx n +i ) d(x n -\. i,x ), 

(2.25) 


implies 


F(H(Tx*,x*)) < F{N^x*,Tx*))-^(N^{x*,Tx*)) 


and 


F(H(Sx*,x*)) < F(N^{Sx*,x*))-^(N4Sx*,x*)), 

respectively. 

On contrary, suppose there exists m £ N such that 

—— d(x m ,Tx m ) > d(x m ,x*) or —^—d(x m+1 ,Sx m+1 ) > d(x m+1 ,x*). (2.26) 
1 + s 1 + s 

From (2.26), we have that 

(s + 1 )d(x m , x*) < d{x m , Tx m ) < d(x m , x*) + sd{Tx m , x*) 


or 


(s l)d(x m ^_i, x ) ^ d(x m _|_i, Sx m - (_i) ^ dixjYi-y i, x ) F sd^Sxm+i , x ), 


and therefore 


d(x m ,x*) < d(Tx m ,x*) = d(x m +i,x*) and 

d{x m+u x*) < d(Sx m+1 ,x*) = d(x m+2 ,x*). (2.27) 

From (2.8), (2.26) and (2.27), this is a contradiction. Hence, (2.25) holds, and 
therefore 


F(d(x n + i,x*)) = F(H(Tx n ,Sx*)) 

< F(N^(x n , x*)) - if(N^x n , x*)), (2.28) 
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and 


F(d(x n+ 2 ,x*)) = F(H(Sx n+1 ,Tx*)) 

< F{N^x n+ll x*)) - ^(N4x n+1 ,x*)). (2.29) 

Since that 


d(x*,Tx*) < N,p(x n ,x*) 

= <S>i (d(x n ,x*))(d(x n ,x*)) + (j> 2 {d{x n ,x*)){d(x n+ 2 ,x*)) 
f d(x n+1 ,x*) + d(x n ,Sx*)\ 

f d(x n ,Sx*) + d(Sx*,x n+2 )\ 

+ <P 4 \d{x n , x )) I -—- I 


+ <j) 5 (d(x n , x*))(d(Sx*,x n+2 ) + d(x n+ i,Sx*)) 

+ </>e (d(x n , x*))(d(x n , x n+ i) + d{x n+2 , Tx*)) 

+ (j> 7 (d(x n , x*))(d(Tx*,x*) + d(x*,x n+ i)) 

< max{(d(x n , x*), d(x n+2 , x*), 
d(x n+ 1 , x*) + d(x n , Sx*) 

2 s ’ 

d(x n , Sx*) + sd(Sx*,x n+2 ) + d(Sx*,x n+2 ) 

2 s ’ 

d(Sx*, x n+2 ) + d(x n+ i, Sx*),d(x n ,x n+ i) + d(x n+2 , Tx*), 
d{Tx*,x*) + d(x*,x n+1 )}. (2.30) 
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and 


d{x*,Sx*) < N,p(x n+ 1 ,x*) 

= <f>i(d(x n+1 ,x*))(d(x n+ i,x*)) + cp 2 (d(x n+1 ,x*))(d(x*,x n+3 )) 

^ (d{x n+2 ,x*)+d(x n+1 ,x*)\ 

+ <p 3 {x n+1 ,x )) I - — - 

. , ,,, * fd(x n+1 ,Sx*) + d(Sx*,x n+3 )\ 

+ <pi{d{x n+ i,x )) I -—- I 

+ (j) 5 (d(x n+1 ,x*))(d(x n+3 , Sx*) + d(x n+2 , Sx*)) 

+ <j>6(d(x n+ i,x*))(d(x n+1 ,x n+2 ) + d(x n+3 , Sx*)) 

+ <p 7 (d(x n+1 , x*))(d(Sx*, x*) + d(x*,x n+2 )) 

< max{(d(x n+1 ,x*),d(x*,x n+3 ), 
d(x n+2 , x*) + d(x n+ i,x*) 

2s 

d(x n +l,X n+2 ) + sd(x n+ 2 , ffcc*) + d(Sx*,x n+3 ) 

2s 

d(x n+ 3 ,5x*) + d(a; n+2 ,Sx*), d(x n+ i, x n+2 ) + d(x n + 3 , Sx*), 
d(Sx*, x*) + d(x*, x n+2 )}. (2.31) 

From (2.24) and (2.30), we have that 


lim NJx n , x*) = d(Tx*, x*). 

n—> oo 

From (2.24) and (2.31), we have that 


lim NAxn+x, x*) = d(Sx*,x*). 

n—t oo 

From (2.28)and (2.29) and by the continuity of F and ip, we have that 


F(d(x* ,Tx*)) < F(N < f,(x*,Tx*)) — ^(N^x* ,Tx*)), 


and 

F{d{x*, Sx*)) < F{N (t> {x*,Sx*)) - ip(N < f,(x*, Sx*)). 

Hence, since Tx* and Sx* are closed then we have that x* £ Tx* and x* £ Sx*, 
that is, x* is a fixed point of T and S. 

In Theorem 2.1, when T = S = U, then we have the following result. 

Corollary 2.1.1 Let (X,d) be a complete strong b— metric space and let U : 
X —> CB(X) be a multivalued generalized F-Suzuki-Contraction mapping. Then 
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XJ has a fixed point x* £ X and for every x £ X the sequence {U n x}'^L 1 
converges to x*. 

In Corollary 2.1.1, when U is a single-valued then we have another new result 
as follows. 

Corollary 2.1.2 Let (X,d) be a complete strong b—metric space and let U : 
X —> X be a single-valued generalized F-Suzuki- Contraction mapping. Then U 
has a fixed point x* £ X and for every x £ X the sequence {U n x}'ffL 1 converges 
to x*. 

In Theorem 2.1, when T and S are two single-valued then the following result 
holds. 

Corollary 2.1.3 Let (X,d) be a complete strong b— metric space and let T,S : 
X —» X be two single-valued generalized F-Suzuki-Contraction mappings. Then 
T and S have a common fixed point x* £ X and for every x £ X the sequence 
{T n x}ff ==1 and {S n x}^L 1 converge to x*. 

In Theorem 2.1, when (X,d) is a complete b— metric space then the following 
new result holds. 

Corollary 2.1.4 Let ( X , d) be a complete b—metric space and letT, S : X —>• X 
be two single-valued generalized F-Suzuki- Contraction mappings. Then T and S 
have a common fixed point x* £ X and for every x £ X the sequence {T"a;}5£ =1 
and {S n x}ffL 1 converge to x*. 

In corollary 2.1.4, when T = S = U, then we have the following result. 

Corollary 2.1.5 Let {X,d) be a complete b—metric space and let U : X —» 
CB(X) be a multivalued generalized F-Suzuki-Contraction mapping. Then U 
has a fixed point x* £ X and for every x £ X the sequence {U n x}^L 1 converges 
to x*. 

Corollary 2.1.6 Let (X,d) be a complete strong b—metric space and let U : 
X —> CB(X) be a multivalued generalized F-Suzuki-Contraction mapping such 
that there exists F £ 13 and ip £ '3>, Vx, y £ X, x ^ y, ypyd(x, Ux) < d(x, y) => 
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ip(N(x,y)) + F(s 4 d(Ux,Uy)) < F(N(x,y)) in which 


N(x, y) = max{d(x , y), d(y, U 2 x), 

(d(y, Ux)) +d{x,Uy) (td(x,Uy )) + d(U 2 x,Uy) 

2s 2s 

d(U 2 x, Uy) + d(Uy, Ux), d(U 2 x, Uy) + d(Ux, x), d{Ux , y)) + d(y, Uy)}. (2.32) 

Then U has a fixed point x* £ X and for every x £ X the sequence {U n x}'^L 1 
converges to x*. 

Proof from Lemma 1.1, since (2.2) => (2.32) then by the corollary 2.1.1 the 
result follows immediately. 

Corollary 2.1.7 Let (X,d) be a complete strong b— metric space and let U : 
X —^ X be a single-valued generalized F-Suzuki- Contraction mapping such that 
there exists F £ 13 and ip £ ’I 1 , Wx,y £ X, x ^ y, -U^d{x,Ux) < d{x,y) => 
ip{N{x, y)) + F(s 4 d(Ux,Uy)) < F(N(x, y)) in which 

N(x, y) = max{d{x, y), d{y, U 2 x), 

{d(y, Ux)) + d{x,Uy) (td{x,Uy )) +d(U 2 x,Uy) 

2s ’ 2s 

d(U 2 x, Uy) + d(Uy, Ux), d{U 2 x, Uy) + d{Ux, x), d{Ux, y)) + d(y, Uy)}. (2.33) 

Then U has a fixed point x* £ X and for every x £ X the sequence {U n x}'p}L 1 
converges to x*. 

Proof from Lemma 1.1, since (2.2) => (2.33) then by the corollary 2.1.2 the 
result holds. 

Corollary 2.1.8 Let (X, d) be a complete strong b—metric space and let T, S : 
X —> X be two single-valued generalized F-Suzuki-Contraction mappings such 
that there exists F £ 13 and ip £ , Vx, y £ X, x ^ y, -U^d(x,Tx) < d(x,y) 

and Up^d(y, Sx) < d(y,STx) => ip(N(x,y)) + F(s 4 H(Tx, Sy)) < F(N(x,y)) in 
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which 


N(x, y) = max{d(x, y ), d(y, STx), 

0d(y,Tx )) + d(x, Sy) (id(x,Sy )) + d(STx,Sy) 

2s 2s 

d(STx , Sy) + d(Sy,Tx),d(STx , Sy) + d(Tx , a;), d{Tx, y)) + d(y, Sy)}. (2.34) 

Then T and S have a common fixed point x* £ X and for every x £ X the 
sequence {T n a’})JL 1 and {S n x}^converge to x*. 

Proof from Lemma 1.1, since (2.2) => (2.34) then by the corollary 2.1.4 the 
result holds. 

Corollary 2.1.9 Let {X,d) be a complete b—metric space and let U : X —> 
CB{X) be a multivalued generalized F-Suzuki-Contraction mapping such that 
there exists F £ 13 and if £ 'L, Vx, y £ X, x yL y, ^ d(x,Ux) < d(x,y ) => 
if(N(x,y)) + F(s 6 d(Ux,Uy)) < F(N(x,y)) in which 

N(x, y) = max{d(x, y), d{y, U 2 x), 

(d(y, Ux)) + d{x,Uy) (d(x,Uy)) +d(U 2 x,Uy) 

2s 2s 

d(U 2 x, Uy) + d{Uy , Ux), d{U 2 x, Uy) + d(Ux, x), d{Ux, y)) + d(y, Uy)}. (2.35) 

Then U has a fixed point x* £ X and for every x £ X the sequence {U n x}ffL 1 
converges to x*. 

Proof from Lemma 1.1, since (2.2) => (2.35) then by the corollary 2.1.5 the 
result holds. 


3 Example 

Let X = [0,1]. T,S : [0,1] —» CB([0, 1]) be defined by Tx = [0, |] and Sy = 
[0, |] such that STx = [0, |] for all x £ [0,1]. Let d be the usual metric on 
X. Taking F(t) = ln(t) + t and if{d{x,y)) = ^ \y — ||. Let x < y, then 
\/x,y £ [0,1] d(x,y) > 0 and d(y,STx) = \y - f | > \y - || = \y > |. Now, for 
s = 1, we have that \d{x,Tx) = 0 < d(x,y) and fd(y,Sy) = | < d(y,STx). 
Without lose of generality, let d(x, y) = such that <f n (d(x, y)) = n+ f/d{x, y). 
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This implies that, (j>i{d(x,y)) = ^ = <j> 2 (d(x,y)) = (f> 6 (d(x,y)) = <j> 7 (d(x,y))-, 
4>2,{d{x , y)) = yg = cf> 4 (d(x,y )) = <j> 5 (d(x,y)). Therefore, we have that 


= In 


(y 

x N 

\ , y 

X 

V 2 

4 2 

) + 2 

~ 4 


In ( H(Tx , Sy)) + H(Tx, Sy ) 

\y _ x\ 

O A 


< — \y — 

- 2 41 10 

\y-\\ + \ x - 

f \v- f| + |* 


< 


10 I 2 

1 

To 

l 

10 


\y 


ID 

ill 


y _x | 


< 


< 


10 

i 

To 

l 

10 


+ B 1 

l 

" 10 

+ -(\- 

10 VI 2 

1 

+ 102 

- 1 ^ I(|X 

< 1 (\v_ 


Is/-f 1 

2 

+ 

rr _ y I ' 

r 2 1 

Is/-f 1 

2 

+ 

|«. _ y\' 
I'*' 2 1 

Is/-f | 

2 

+ 

\rp _ 2/ 1 

r 2 1 

y x\ 
2 81 
Is/-f | 

2 

+ 1 

+ 

X X I 

8 ~~ 4 

1 rr _ y I ' 
r 2 1 

2 


+ 


10 


1 

+ Io 

1 

+ Io 


( \y -II 

V 

( \y -II 


+ \x - 
~2 

+ \x - 


V I 

2 I 


y I 
2 I 


ll + 1 *- 


l 

1 + io 


/ 

( 11 - 11 ) 


+ 


+ 


10 


10 


-II + N- 
2 


ll + l*- 


x\ 


, X X 

+ I«-I 


(II-1I + Ii-H)+ip(Ij 

r /I T. \\ /I T. 



X 

4 

i x 

\ y --& 


y \ + \ y -\\) 




10 

1 


-!l + k 

2 


+ 


10 


|| + \x- 

2 


+ 10 VI 2 


!. i;- 

+ 102 


X\ 


\x 


fl) + l5i (l *-‘ ,l)+ l5i 

(IMI+IIH)+iMIH+MD-il 


f (k-II) 

is O 


\y- 


y 

2 


17 



= <t>i(d(x,y)){d(x,y)) + <j> 2 (d(x,y))(d(y, STx)) 
' (d(y,Tx)) + d(x, Sy) 


fo(d(x,y)) 


2s 


Md{x,y)) 


f(d(x,STx)) + d(STx,Sy) 
^ 2s 


+ <p 5 (d(x, y))(d(STx, Sy) + d(STx, Tx)) 

+ 4> e (d(x, y))(d(STx, Sy) + d(Tx , ar)) 

+ <j> 7 {d(x, y))(d(Tx, y)) + d(y, Sy)) - ip(d{x, y)) 


4 Conclusion 

Fixed point results of Piri and Kumam [11], Ahmad et al [9], Suzuki [16] and 
Suzuki [17] are extended by introducing common fixed point problem for mul¬ 
tivalued generalized F-Suzuki-contraction mappings in strong b-metric spaces. 
In specific, Corollary 2.1.1 and corollary 2.1.2 generalize and extend the work 
of Ahmad et al [9] and Kumam and Hossein [5], respectively. 
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